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Mini lecture 4 919

Graphs

Collection of vertices V

Connected by edges EsubseteqVtimesV

Possibly with edge weights WinmathbbRvarepsilon

In this class n vertices

2

reserved letters

m eoses

21
n4We often arbitrarily

identify Vequivleftnright 3m5
4



Basic types of graphs

Directed Undirected

tail73

head

45

Undirected

edges unordered tuples lets

e g eequivleft35right

directed

edges ordered tuples

eg eleft74right

Simple Multigraph
self loops

siMp 6n0
paralleledges

Ex How large can m be as function of n

when graph is simple multigraph



H is subgraph of G if

delete some vertices delete someedges

We call it induced if only delete vertices

Subgraph

Keepall edges on those vertices

Subgraph

H

G
induced subgraph

I

Paths Cycles

can be
undirected directed

Ex In n vertex path cycle how big is m



u1

fracpartial sum_eleftvurightinEWe2

leftleftuleftvurightinErightright

4 k2V

u31

out neighbors

in unweighted graph

Theorem In unweighted undirected graph

let 0vinVdegleftvright is odd1
Then 0 has even size

Proof Count sum_vdegleftvright in two ways

sum_eleftuvrightt2t
even

degla degv

sum_vin0leftoddrightsum_vnotin0leftavabackslashright
mustbe even

of UEO



Application

In Euler tour every edge used once

pernever leaves paper

all vertices have even degree except possibly

proof if you enterstart end

pairsyou also leave

all degrees odd



Trees

Forest undirected graph w no cycles

Tree connected forest path betwee

any vertices

Theorem For every u v vertices in tree

there's a unique path between n

Proof If two that's a cycle

Convenient orientation system rooted tree

level0root level
length of migue

root to lestpith
level

level 2

level height



Rooted tree everyBinary trees

deg leftvrightinleft123rightleat internal
vertex

Root

right
Ihild

left
child

Parent relursively

ancestor

Internal vertex

right
Ihild

left
child

Two extremes height h

12ldots2n
2n11
vertices

h 1 vertices

Complete binary tree



Theorem Forest w k connected components

n vertices

has nk edges Treen1

Proof Split into 3 steps

Enough to prove for trees

k3

n31 nkn21edges n I

Claim both endpoints of longest path

in a tree are leaves so every tree his geq2 leaves

Suppose otherwise contradict longest path

nota
leaf

not on
P

fellecycle

longest path P



Induction on n every tree has mn1

Clearly true if n1 base case

n t vertices

Otherwise delete lest edge n 2 eoses

Represenths a graph

Warmup adjacency matrix

12I 5 63 4
3I

2

3

4
S
6

3l 26
l l

2 l
J2l

Sl

23 ll
4

Problem Takes n2 time to initialize
n time to look up neighbors



Representing a graph

In this class adjacency list model LY L
o

V
ut

Le
out

LV vertices knowedges Le edges know vertus
out in weights

112 ll W11 12112 2
2142 2,4 125 WIZ2 4

3,53 215 Wks2 S
14124F 3315 S Wiss

s pointers to Lvarepsilon 44,2 W4,22

pointersto LV
m

LtSpace 0leftnmright
Primitives pass over all edges

runtime Oleftmright
pdss over neighbors of V

runtime O1 neighbor of v


